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ABSTRACT

Many recent observations have described fronts in the interior of the ocean at locations far away from any
lateral boundaries. Some of these fronts are observed to be associated with considerable mass transports, which
suggests that they participate importantly in setting the water mass structure of the ocean interior, and represent
considerable local departures from linear Sverdrup dynamics. In this paper, a simple analytic theory of interior
fronts is developed. The main features of this theory are that the fronts are highly inertial and anisotropic, and
reside on the edge of a somewhat larger scale interior inertial recirculation. The recirculation is taken to be
modonlike; the dynamic height difference across the edge of the recirculation supports an interior jet, which is
clockwise around the edge of the recirculation and carries water from the subpolar into the subtropical gyre.
Unlike in previous theories of interior fronts, all of the transports, both in the large-scale and the fronts, are
“anomalous” and in excess of any wind-driven transport. The fronts themselves represent interior, deformation-
scale boundary layers, which are necessary to smoothly join the baroclinic parts of the inertial recirculation and
the sluggish Sverdrup zones. The authors speculate on the role of these dynamics in the LDE jet.

1. Introduction

A remarkable observation of a surface-intensified
open-ocean jet was obtained during the Local Dynam-
ics Experiment (McWilliams et al. 1983). This jet had
near-surface (200 db) flows to the southwest in excess
of 30 cm s™!, was surface intensified (but may have
been dynamically present to depths of 3000 db), and
exhibited a strong baroclinic signal (e.g., the 15°C iso-
therm, centered at ~550 m, shallowed by 200 m mov-
ing east across the jet). The scales of the jet were de-
cidedly anisotropic, with a cross-front scale O(50-100
km) and an alongfront scale that ultimately was not
resolved by the experiment, but was determined to be
at least 400 km.

This jet was observed just south and west of Ber-
muda, in a region commonly thought of as on the edge
of the North Atlantic so-called inertial recirculation.
Although the greatest bulk of the data describing the
jet was hydrographic (obtained during the intensive
hydrographic period), the jet axis wandered over in-
dividual LDE current meter moorings during the ex-
periment. Some of the current meter data showed the
jet vertical profile to be to the southwest, that is, in a
sense opposite to that of the Gulf Stream, throughout
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the water column. These observations suggested that
the dynamic method relative to 3000 db could be used
to estimate the jet transport, an exercise yielding a re-
markable transport estimate of 40 Sv (Sv = 10°
m? s™!). Note this transport is comparable in magni-
tude to the northward Gulf Stream transport farther
west at the same latitude and, questions of persistence
aside, argues strongly that the LDE jet constituted a
major feature of the large-scale North Atlantic circu-
lation.

The theory of such interior fronts is not well devel-
oped and important types of possible jet structure have
not yet been dynamically examined. The purpose of
this paper is to present a simple analytical theory of
interior fronts, with the objective of exploring dynamics
that might play some role in the LDE jet.

Background

The theoretical study of baroclinic midocean fronts
is relatively limited, with principal references being
Cushman-Roisin (1984), Luyten and Stommel (1986),
and Dewar (1991a,b). A common feature of these
studies is that they are governed fundamentally by
Sverdrup dynamics, so that net barotropic transport is
set by the wind. The thermocline in baroclinic general
circulation ocean models subject to such a constraint
is determined by characteristics emanating from either
the eastern or western boundary. Distinct regions of
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ocean basins are thus controlled by one of these two
boundaries, a result first made explicit in the homog-
enization theories of Rhines and Young (1982a,b).
Cushman-Roisin (1984) demonstrated that these dis-
tinct sets of characteristics could overlap in a buoyantly
and mechanically driven subtropical gyre, and iden-
tified the region of overlap with the subtropical coun-
tercurrent of the North Pacific. Dewar (1991a) dem-
onstrated the existence of such fronts in a purely adi-
abatic subtropical-subpolar gyre model and illustrated
the coupling between the dynamics of the front and
the thermocline structure of the gyre. The application
of these ideas to the ventilated thermocline was dis-
cussed in Dewar (1991b).

These studies illustrate many interesting aspects of
midocean fronts; however, some data, like those as-
sociated with the LDE jet, suggest midocean fronts can
have properties that the previous studies lack. Most
importantly, the fronts they describe obey the Sverdrup
constraint and hence are responsible for a net barotro-
pic transport that scales as the jet width and is small.
The LDE jet, however, appeared to transport a volume
of water southward that could not possibly be ac-
counted for by Sverdrup dynamics (here we shall refer
to such transports as “anomalous’). This argues that
a potentially important aspect of LDE jet dynamics is
absent from the above models. Second, the fronts in
the above models were entirely embedded within a
Sverdrup flow. It is commonly accepted, however, that
the circulation of the northwest corner of the subtrop-
ical North Atlantic gyre is dynamically distinct from
that of the North Atlantic interior; the latter seems
broadly in accord with linear Sverdrup dynamics while
the former appears much more inertial in character.
This is connected to the well known increase in Gulf
Stream transport (from ~40 to ~150 Sv) downstream
from Cape Hatteras, among.other things. With respect
to the LDE jet, its observed location is suggestively
close to the eastern edge of this so-called inertial recir-
culation, suggesting an interaction of the front with the
recirculation. It is this interaction that is missing from
previous theories.

In this paper, a simple analytical model of fronts in
the presence of inertial recirculation is discussed. Our
objectives are to present a first-order theory of the
structure of interior fronts in these circumstances and
to describe their associated dynamics. In contrast to
previous models, wind forcing is excluded at the outset.
Hence, any and all meridional transport in this model
is by definition anomalous with respect to the ( vanish-
ing) Sverdrup transport. Interior circulations are driven
by inflow conditions at an inlet port on the western
central boundary, which is meant to represent the in-
flux of mass from the Gulf Stream. The circumstances
yielding interior baroclinic fronts appear naturally and
measures of their transport are obtained.

We find that fronts arise as a result of inconsistency
between the boundary conditions located at the eastern
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and western basin edges. This result mirrors the earlier
analyses of fronts in Sverdrup flows. However, the in-
ertial gyres obtained here are relatively limited in their
north—south extent and this tends to weaken the west-
ward, beta-driven propagation tendencies of the fronts.
This, combined with the strength of the inertial recir-
culation, traps the fronts at the edge of the recirculation.
In effect, the fronts play the role of an internal boundary
layer that smoothly joins the inertial recirculation and
the less energetic far field. Although narrow, the trans-
port of the fronts can be sizeable.

This highly idealized model has mass source zones
in the subpolar gyre. In view of this, it is interesting
that anomalous water masses of apparently subpolar
origin were found in the LDE jet. Thus, we speculate
that the present model, in spite of its highly idealized
nature and obvious shortcomings with respect to the
LDE jet, may illustrate some of the dynamics that par-
ticipated in that event.

The physwal system and supportmg scale analysis
is developed in the next section and solutions of the
combined barotropic/baroclinic system are discussed
in section 3. A discussion of the model and the LDE
jet concludes the paper.

2. Model development

The ocean will be modeled as a rotating two-layer,
flat-bottomed Boussinesq fluid of total depth H (see
Fig. 1). The Coriolis parameter will be denoted f = f,
+ By (using conventional notation) and the reduced
gravity parameter will be denoted g’. Upper-layer ve-
locities will be denoted as u and lower-layer velocities
by v; upper-layer dynamic pressure will be denoted by
1, upper-layer thickness by /4, and lower-layer pressure
by p; x and y are east and north coordinates, respec-
tively, and steady solutions will be sought. Under these
conditions, the dimensional equations of motion are

u-Vu+fkXu=-Vp =-V(p+h) (la)
V-(uh)=0 (1b)

v-Vv+ fk Xv=-V(p) (lc)
V-[v(H-m)]=0 (1d)

v,p-gh

AN L

F1G. 1. Model schematic. Upper-layer velocities are denoted by u
and lower-layer velocities by v. The bottom is assumed to be flat
(total depth H) and the upper layer is of scale depth H,. The Conohs
parameter, f, varies with north-south position y.



JANUARY 1994

We have in mind modeling the inertial recirculation,
a subject of considerable recent theoretical study. A
common theme of the relevant, modern literature is
that the recirculation is related only indirectly to wind
forcing. This is implicit, for example, in the studies of
Marshall and Nurser (1986) and Cessi et al. (1987,
CIY hereafter). The thrust of CIY is that the recircu-
lation is forced by anomalous potential vorticities
around the edges of the basins. These result from, say,
northward advection of low potential vorticity water
in a highly inertial western boundary current. Aside
from these inhomogeneous boundary conditions, the
model is unforced. Marshall and Nurser (1986) also
demonstrate the utility of free modes in modeling the
inertial recirculation, suggesting that the requisite
functional relationship of potential vorticity and
streamfunction reflects model driving and dissipation.

In keeping with these studies, the explicit inclusion
of wind forcing will be neglected in the present model.
Following Marshall and Marshall (1992), fluid will be
set in motion by inflow conditions on the western
boundary (see Fig. 2). We will impose these in the
center of the western boundary and will for simplicity
center our coordinate system (x = y = 0) on the inflow
axis. We will make no effort to resolve the western
boundary-layer dynamics, which ultimately set the po-
tential vorticity profile at the inlet; rather, we will as-
sume they are known. This is, of course, a weakness
of the model but is typical of large-scale circulation
studies.

It 1s also accepted that the scales of the recirculation
are distinguished from those of the general circulation
by being “smaller.” We will be more quantitative about
the scales involved in the next subsections, but we
mention here that our strategy will be to consider the
inertial recirculation as a “boundary zone” of smaller
scale within a large-scale basin. This scale distinction
will be of fundamental importance in setting the dy-
namics appropriate to each zone.

a. Planetary-scale flows

The basin is assumed to be of planetary scale, Ly
= (fo/B); it is well known that the baroclinic structure
of such a fluid is governed by some variant of the plan-
etary geostrophic thermocline equation [ for a more
complete analysis of the PGTE, see Dewar (1987)].
The barotropic component of the flow obeys a Sverdrup
constraint which here, in view of the lack of any wind
forcing, identically vanishes. Accordingly, the PGTE
ultimately yields the result

B(H — h)h, = 0. (2)

The solution of (2) is simply that the thermocline is
everywhere flat and at a depth determined by the uni-
form eastern boundary thickness value. It is clear then
that the flow in both layers vanishes. This result may
seem trivial, but is discussed here in order to emphasize
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FiG. 2. Basin schematic. Interior motion is forced by inflow
boundary conditions on the western boundary. The inflow axis occurs
at y = 0 and the western boundary is denoted x = 0.

the role of 8 in setting this structure. The appearance
of 8 reflects the planetary wave dynamics responsible
for propagating the eastern boundary influence into
the interior, implying that the interior thermocline is
dynamically maintained at the depth of the eastern
boundary value.

This stagnant solution, required by the large-scale
dynamics, in general, will be inconsistent with the pre-
viously mentioned smaller-scale inflow conditions
prescribed on the western boundary, and must some-
how be modified to accommodate them. In what fol-
lows, we assume the response to those conditions is
local, rather than global, and look for a smaller-scale
response to the inflow.

b. Recirculation scales

We now develop the equations that govern the re-
circulation. A reviewer has rightly pointed out a cor-
respondence between a limiting case of our final equa-
tions and a particular limiting case of quasigeostrophic
dynamics. The quasigeostrophic limit is, of course, of
conceptual value because it is simpler, and thus we
have included it in an Appendix. We proceed here with
our nonquasigeostrophic (and more tedious) analysis
because 1) our particular parameter choices are mo-
tivated by data and it is of interest to follow the theo-
retical consequences of observations, and 2 ) quasigeo-
strophic dynamics neglects the nonlinearity resident in
the continuity equation, which ultimately turns out to
be at the heart of our model of internal fronts.

In the inertial recirculation it is observed that iso-
pycnal depth variations, 6%, can be comparable to the
average depth of the isopycnal. Therefore, this measure
of nonlinearity, 62/ H, (where H, is a scale depth of
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the upper layer), will be accepted as O( 1) at the outset,
which implies that pressure scales as g’H,. Given then
that one expects the flow to be approximately geo-
strophic, upper-layer velocity should scale as U
~ foR%/L,where L is the length scale of the flow and
R% = g'H,/(f}) is the square of the usual deformation
scale. The inertial recirculation is also recognized as
an area where the flow has an important barotropic
component. Certainly, this is the conclusion of Cessi
(1988, 1990), Cessi et al. (1987), and Marshall and
Nurser (1988), who have examined the recirculation
in quasigeostrophic and primitive equation models,
and of Schmitz (1980), who has examined North At-
lantic current meter data. Therefore, the above scale
for u will also be adopted for v.

Since the system is not driven, and the flow in the
inertial boundary zone must still cross lines of constant
latitude, relative vorticity must be as important as
planetary vorticity in the overall vorticity dynamics.
The ratio describing the relative order of these ef-
fects is

Bv sL*
v foRZ’

which when set to O(1) selects the parameter “L” to
be the intermediate scale

L=1L,=(RiLy", (3)

where Lz = fy/8 is the planetary scale (Charney and
Flierl 1981). Note, L, < Lg, consistent with our
boundary-layer approach to this problem. Typical pa-
rameters (R; ~ 40 km, Lz ~ 3000 km) yield L; ~ 200
km. For comparison, Schmitz (1980) finds from cur-
rent meter data that the westward-flowing zone of the
inertial recirculation has a 200-km meridional scale,
suggesting an oceanographic relevance for L;. This will
be used as the fundamental length scale in what follows.
The nondimensional forms of (1) appropriate to the
region of the inflow boundary conditions are thus

e(u-Vu) + (1 + 2y)k Xu=—-Vp, = -V(p+ h)
(4a)

" (4b)

V.(uh)=0
E(v-VV) + (1 + )k X v=—-V(p) (4c)
V-[v(l =] =0, (4d)

where €2 = (R;/L;)* = (L;/Lg) and § = H,/H appear
as the two parameters of the system. Further, “p” ap-
pearing in (4a) and (4c¢) denotes the nondimensional
form of lower-layer pressure. Typical oceanic values
lead to ¢2 ~ 0.06, while 0 = (500-1000) m/500 m
~ (0.1 ~ 0.2). Note that ¢ lies in the range of € to €?.
We will adopt the scaling 6 ~ ¢ here and state imme-
diately that the final governing equations turn out to
be insensitive to this choice. We define 6 = 5, where
& ~ O(1), to simplify our notation.
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3. The recirculation and fronts
a. Solutions for the recirculation

We now consider an expansion of (4) in e. Clearly,
the flow in both layers is geostrophic at O(1) and O(e).
A useful constraint is obtained from the O(1) upper-
layer continuity equation; that is,

J(po, ho) =0, (5)

where J denotes the usual Jacobian operator and sub-
scripts denote the order of the expansion. Equation (5)
may be understood by considering potential vorticity
conservation. Equations (1a,b) are equivalent to

h
“'V(VXquf):O’

where the quantity (V X u + f)/h = q is recognized
as potential vorticity. Scaling (6) as described above,
and expanding, yields:

(u0+eu1 + .- ')‘V

X {ho+eh + e[ hy— ho(y+V Xup)]+ - - -} =0.

Clearly, (5) is the lowest-order constituent of the above.

Heuristically, at the L; scale, both 8 and relative vor-

ticity are weak in strength. Column thickness, #, on
the other hand is subject to large variations. The upper-
layer flow, being approximately geostrophic, therefore
satisfies potential vorticity conservation by adhering to
Taylor-Proudman flow.

The O(1) form of lower-layer continuity is simply
V - vo = 0, which is automatically satisfied by geostro-
phy. At O(e), lower-layer continuity yields V-v,;
— 8V - voho = 0, which in view of (5) reduces to simple
nondivergence of v,.- The O(¢) lower-layer dynamics
are seen to be identical to the O( 1) dynamics and in-
troduce nothing new. Thus, with no loss of generality,
v; and hence the correction to p, may both be set to
zero. The O(e) upper-layer momentum equations
consist of simple geostrophy, and the use of earlier re-
sults in O(¢€) continuity yields J(pg, ;) = 0. Manip-
ulation of this result and (5) demonstrates /4, and A,
are functionally related, so 4#; may be set to zero, again
with no loss of generality. Hence, u; = 0 and all O(e)
corrections are seen to vanish. To acquire a second
constraint to complement (5), and close the problem
in the recirculation zone, requires expansion to O(e?).
This is not surprising as at this order resides relative
vorticity and beta.

It is necessary to consider only the lower-layer equa-
tions at O(e?), which in view of the O(¢) results yield
nondivergence of v,, and a second constraint on py;
namely,

J(po, V3(po) + y) = 0. (7)

(6):
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F1G. 3. Lower-layer pressure p (nondimensional). The critical radius a is chosen to be 1000
km (a = 5) and the basin is assumed to be 6000 km X 3000 km. Maximum speeds are O(10

cms™).

The above is immediately recognized as the steady form
of the absolute vorticity equation on a beta plane. The
scaling for é in combination with the baroclinic result
(5) is sufficient to ensure that vortex tube stretching is
a weak effect on the flow. Equations (5) and (7) form
a closed set for py and A in the inertial boundary zone.

Note that (7) is one equation in the one unknown
Do, representing lower-layer pressure, and can be solved
subject to an absolute vorticity specification for the jet
(which will be applied at the inlet). Note that because
we do not explicitly model the western boundary layer,
we are unconcerned with the outflow conditions. The
content of (5) and (7) is that once py is obtained, Ay
can be calculated from a specification of 4, on pressure
lines at the inlet.

We will assume here for analytical convenience a
linear functional form between absolute vorticity and
streamfunction. Thus, the lower-layer inertial recir-
culation structure will be governed by

V23(po) +y = —B*(po),
whose solution is
po = DJ,(Br) sinf — y/B?,

(8)

(9

where J; denotes the Bessel function of the first kind
of order 1 and D is an as yet unknown constant. The
quantities r and 6 are the coordinates of a cylindrical
system centered on the jet axis at x = y = 0. [The
remaining solutions of (8) proportional to higher-order
trigonometric functions of § are neglected in antici-
pation of the boundary conditions.] The far field con-
ditions on pg are set by (2) and require that both pres-
sure and velocity vanish. The simplest way to meet
these constraints is by choosing a critical radius r = a
where they are applied. For simplicity here, we will
always choose a < x,, where X, is the location of the
eastern boundary. This is also consistent with the scal-
ing L ~ L; € L. The resulting solution for lower-
layer pressure is thus

_ a
B?J,(Ba)
where B and a are further related by the requirement
J>(Ba) = 0[J, being the Bessel function of order 2].
Equation ( 10) should be recognized as the eastern half
of the Stern (1975) barotropic modon. Here, this flow
pattern will be referred to as the inertial recirculation.
The solution appropriate to (10) is shown in Fig. 3.

Po Ji(Br)sing — y/B*,  (10)
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At least two points (or perhaps apologies ) should be
made about this solution. The first is that it is necessary
that the coefficient of the streamfunction in (8), here
written as —B2, be negative to obtain such a solution.
This can be demonstrated by noting that such an ab-
solute vorticity function cannot produce a westward
flow in which relative vorticity is negligible. On the
positive side, a consequence of assuming a coefficient
like —B? is that the inflow jet profile has a “smooth”
form as sketched in Fig. 4a as opposed to the “cusplike”
profile sketched in Fig. 4b. The former profile is as-
sociated with an absolute vorticity that is smooth; the
cusplike current profile in Fig. 4b implies a disconti-
nuity in the absolute vorticity profile at the current
axis. A smooth absolute vorticity profile in the deep
layers is perhaps to be preferred on the physical grounds
that no deep potential vorticity sources exist that can
maintain a mean absolute vorticity front. The second
point is that this solution 1is clearly very special, and
coincides with a heavily constrained profile at the inlet.
Varying the inflow profile can be expected to alter the
details of the recirculation. With regard to this last
point, Marshall and Marshall (1992; MM hereafter)
have studied the penetration versus recirculation prop-
erties of a seaward-flowing jet and shown how it is con-
trolled by its cross-stream velocity profile. In a baro-
tropic model they demonstrated that if the stream-
function coeflicient of the inflowing jet is negative (as
here), corresponding to a smooth inflow profile, a re-

(@
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circulating Stern modon is resonantly excited; con-
versely, if the coefficient is positive, a penetrating Fo-
fonoff mode is excited. In multilayer models it is the
coefficient associated with the barotropic mode (or
strictly speaking the pseudobarotropic mode) that is
the controlling parameter.

A notable result of MM is that subtle changes in the
jet profile, with relatively small admixtures of a Stern-
like inflow profile to an otherwise Fofonoff-like jet, lead
to interior recirculation. For example, Fig. 5 taken from
MM shows steady flow patterns obtained by injecting
fluid into a half-basin in a series of numerical experi-
ments in which an inflow profile is incrementally
changed from a Fofonoff inflow (with a cusplike pro-
file) to an increasingly modonlike inflow (with a
smooth profile). We see that as the profile becomes
smoother, rather than penetrating across to the eastern
boundary, the inflow jet adjusts to the presence of a
no-flux condition by recirculating and creating a free
streamline in the interior region.

In the present study, the barotropic mode is domi-
nated by the lower-layer flow because the lower layer
is deep. Thus, our choice of a negative coefficient, im-
plying recirculating behavior and a smooth cross-
stream vorticity profile, is entirely consistent with the
study of MM.

Last, many of the recent inertial recirculation studies
have assumed uniform potential vorticity in the recir-
culation zone, this being viewed as the end state pro-

y/L

FIG. 4. Lower-layer inflow profiles. Potential vorticity is assumed to be a linear function of pressure. In (a) the linear coefficient is negative,
while in (b) the coefficient is positive. The profile in (b) maintains a potential vorticity front along the inflow axis, while the potential
vorticity is smooth in (a). The profile in () is used in the present calculations.
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duced by eddy mixing (e.g., see Cessi 1990). In con-
trast, the functional relationship we adopt in (8) is not
uniform; rather it is a linear function of a streamline.
Nonetheless, note we are not working with potential
vorticity here; rather, we are working with absolute
vorticity, as required by the analysis. Further, adjusting
our functional relationship by including thermocline
topography moves it in the direction of uniform po-
tential vorticity. To see this, note that dimensional
lower-layer potential vorticity in our model is given
approximately by

h
q=V><v+f0+6y+£o——,
H
where the thickness of the lower layer has been explic-
itly recognized. In view of (8), the above can be re-
written

h
g=—upo+ % + Jo,
where u? = B%/f,L? is the dimensional version of B>
in (8). Clearly from (5) thickness and lower-layer
pressure are related. One further expects their corre-
lation to be positive as greater (lesser) thicknesses occur
in the anticyclonic (cyclonic) subtropical (subpolar)
gyre. Thus, the thickness contribution to potential vor-
ticity opposes the absolute vorticity component in sign
and, indeed, a judicious choice for / can result in uni-
form g. Thus, our analysis here does not in principle
represent a departure from previous uniform potential
vorticity ideas. To summarize, then, we adopt the Stern
modon as a convenient analytical example of a free
inertial recirculation.
The solution of (5) is

ho = F(po), (11)

which, given (10), can easily be determined by the
conditions on A at the jet inlet. Contours of constant
depth then simply overlie contours of constant lower-
layer pressure. The obvious constraints to place on F
are that it should have a maximum in the subtropical
gyre and a minimum in the subpolar gyre. An example
with /i linearly proportional to py, and varying between
a maximum of 800 m and outcropping, is shown in
Fig. 6. A particularly important quantity is the upper-
layer thickness on the jet axis, here denoted by #y..
Note that (11) requires 4y = Ao, on the bounding free
streamline at r = g.

Given that the separation radius a lies within the
basin, the thermocline outside of the inertial recircu-
lation is set by other processes, here given by (2). This
determines 4, in the far field to be the eastern boundary
thickness, /., due to the presence of 8.

If h, = hg,, the thermocline is smooth and continuous,
and the first-order structure of the basin is complete. On
the other hand, if 4, # A, then the solution thus far
predicts a discontinuity in / at the boundary of the re-
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circulation. This, of course, requires a singularity in the
velocity field and is an indication that the analysis must
proceed further. We now examine this case.

b. Internal fronts

First, note that the inconsistency in the solution (i.e.,
the singularity) involves 4y and not p,. Also, in some
sense, it is seen that the discontinuity is a consequence
of the simple first-order nature of the equations deter-
mining /. Equations (2) and (11) by themselves have
characteristics that intersect at the edge of the recir-
culation, suggesting that in the vicinity of the intersec-
tion, another smaller scale emerges and dynamics that
were locally unimportant previously become of first-
order importance. Clearly, then, the scaled equations
(4) must lose validity in the vicinity of r = 4.

If (1a~d) are again nondimensionalized, but with
the length scale of the flow, L, left as a free parameter,
we obtain

R,\? L _
(f) (u-Vu)+(1 +ay)qu— Vp(p+h),

(12a)

V-(uh) =0, (12b)

(&)Z(V»Vv)-%(l +~£y)k><v= -V(p), (12¢c)

L Lﬁ ’
V-[v(l = éh)] =0, (12d)

from which it is seen that the dynamics that become
more important as L decreases are the inertial terms and,
furthermore, may become order one for L =~ R,;. Equat-
ing L and Ry, (12) yields the steady-state f~plane equations
at lowest order. Recall that these apply in the vicinity of
the inertial recirculation boundary, r = a.

Since the f~plane equations have no preferred ori-
entation, they can be written in cylindrical coordinates,
which near r = g are in effect a system locally oriented
along and across the inertial recirculation boundary.
It is furthermore appropriate to look for anisotropic
solutions to these equations, since the alongfront scale
is set by the recirculation and is O(L,) > Ry. Scaling
arguments then show that the equations appropriate
to the edge of the inertial recirculation are the semi-
geostrophic equations; that is:

u =(p+h), (13a)
u® 1
wul+—ul+u =—=(p+h)y (13b)
a a
1
(u'h),+;(u"h)9=0 (13c)
v’ = (p), (13d)
v? 1
Vol +— v+ v = —~=(p) (13e)
a a
1
(v"), + P (v =0, (13f)
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FIG. 5. A sequence of steady states obtained from numerical integration of the barotropic vorticity equation in a half-basin. Details of
the model can be found in Marshall and Marshall (1992). An inflow in the northwest corner of the subtropical gyre is prescribed as a “mix”
of modon and Fofonoff type solutions; the outflow to the west is allowed through radiation boundary conditions. The quantity X denotes
the fraction of Fofonoff type inflow at the port. In (a) X = 1;(b) X = .4; (¢) X = .3; (d) X = .2. The two graphs in each panel show the jet
profile at the inflow and the functional relationship between absolute vorticity and streamfunction (B?2) at the inflow port. There is a striking
sensitivity of the penetration scale of the jet to the form of the inflow profile. If the cross-stream velocity profile is cusplike, the jet penetrates
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where the quantities u"(v,) and u%(v,) are the upper
(lower) layer, lowest-order radial and azimuthal com-
ponents of velocity, that is, (¢, #®) = u, and (v", v
= v, and subscripts denoting order have been sup-
pressed. The quantity r is the cross-front coordinate
and 6 is the alongfront coordinate. It is also true that
(13) conserve potential vorticity in the form

8
u-V(u'+1)=0 (14a)
h
for the upper layer and
v-V(iH) =0 (14b)

for the lower layer.

In view of the semigeostrophic approximation, ( 14b)
yields

(D) = F(¥2), (15)

where F denotes the potential vorticity functional and
¥, the lower-layer mass transport streamfunction.
Clearly, the solution of (15) depends upon F, which
is ultimately given by boundary conditions. In view of
the fact that both the velocity and pressure of the lower-
layer inertial recirculation solution in (10) match
smoothly to the large-scale solution at r = a, we will
adopt here the solution for which the lower layer is
stagnant in this deformation scale internal boundary
layer, which implies

p=0. (16)

This, in effect, says the lower-layer has no internal
boundary-layer structure imposed on it.
In view of (16), (14a) yields

hrr+ 1= hG(V/l)’ (17)

where ¢, is the upper-layer mass transport stream-
function. A second constraint relating 4y and ¥; may
be obtained from a Bernoulli principle.

The boundary conditions on (17) are that 2 — A,
as 7 —> oo, and h — hy. as r = —oo. The fact that A,
# h, requires the presence of the deformation-scale
boundary layer, unlike the situation in the lower layer.
The boundary layer serves to smoothly join the far
field in both thickness and velocity as shown in Fig. 7.

The potential vorticity structure function G is, in
principle, set on the west (see Fig. 6), and the details
of the front and the associated jet structure depend
somewhat upon it. An example is shown in Fig. 7 where
the potential vorticity of the jet consists of the two
uniform values 1/ Ay, to the west and 1/ 4, to the east.
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FIG. 6. Thermocline structure. The lower-layer pressure pattern
is given in Fig. 3. The thermocline in the recirculation goes from a
maximum depth of 800 m in the subtropical gyre to an outcrop in
the subpolar gyre. The arrow indicates the flow direction of the internal
boundary layer on the rim of the circulation. The southward direction
is consistent with a shallower thermocline east of the front.

On the other hand, the net jet transport is insensitive
to the potential vorticity structure and depends only
upon the far-field conditions:
0 h2 h2
hu'ydr = = — 2£.
[, turar =3 -4
With the addition of the internal boundary layer, the
upper-layer thickness, pressure, and velocity fields are
rendered smooth and continuous, and the lowest-order
description of the interior is complete.

(18)

¢. Application to the LDE jet

The model presented above is highly idealized, but
we are nonetheless interested in assessing if it has any-
thing of use to say about real ocean jet dynamics. We
therefore attempt here an application of the model to
the LDE jet. To do so entails a number of questionable
assumptions; for example, the model is steady while
the LDE jet was observed to move through the LDE
array at a speed of ~4 cm s™!. Further, we are working
with a two-layer representation of a continuously strat-
ified ocean and ignoring explicit wind-driven circula-

FIG. 5. (Continued). effectively across the basin; if it is smooth, the flow recirculates. Distance is nondimensionalized with respect to L,
the meridional extent of the basin. The streamfunction is presented in units of 10728L3, where g is the planetary vorticity gradient, absolute
vorticity is in units of 8L, and the velocity is in units of I0728L2. Thusif 8 = 1.6 X 10~"' s™' m~' and L = 500 km, then a nondimensional
velocity of unity corresponds to a current speed of 4 cm s™*; thus, the jet peaks at a speed of 30 cm s~'.
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- FIG. 7. Pressure and thickness transition in the jet. The jet con-
stitutes an internal deformation scale boundary layer that smoothly
joins the far field thermocline values. Because the front occurs on
the inertial recirculation boundary, p ~ h and the lower-layer flow
is stagnant to leading order. The magnitude of the p variation appears
smaller than that of 4 because of a scaling and is meant to reflect
that p is associated with free surface variations.

tion. However, in spite of the idealized nature of our
study, there are some comparisons with the observed
LDE jet characteristics that-are worthwhile.

The observed parameters of the LDE jet, obtained
during the Intensive Hydrographic Program, were that
it had a finite isopycnal depth change across the front
of approximately 200 m, consisting of a shallowing of
the isopycnals moving east across the front and the
strongest jet velocities were observed near the surface.
It was also observed that the flow at depths of up to
3000 db was in the same direction as the surface flow,
suggesting that the jet may have been a full column
event. The net transport of the jet relative to 3000 db
was estimated at 40 Sv. This latter interpretation of jet
vertical structure, however, is complicated by two
points. First, it has been argued that the deep velocities
at the time of the jet belong to a topographic planetary
wave (Price and Rossby 1982), which suggests that
their appearance at the LDE site at the time of the jet
was only fortuitous. Second, a jetlike feature was ob-
served at the LDE site in May 1979, one year after the
event formally referred to as the LDE jet. This second
Jjet did not possess the high degree of vertical coherence
of the LDE jet. Thus, the vertical structure of the LDE
jet is not terribly clear, apart from the idea that its
strongest velocities occurred at the surface. We shall
therefore focus on this latter feature in what follows.
A crude estimate suggests that 50%-60% of the esti-
mated 40-Sv jet transport lies in upper kilometer of
the fluid column. ‘

To apply the present model to the LDE jet requires
that A, be identified with the western jet thickness and
h, with the eastern thickness, which is assumed to be
shallower. No explanation is provided by the present
analysis as to why the inertial recirculation thickness
should differ from the eastern thickness; rather, it is
simply noted that the model permits such boundary
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conditions. (We do speculate, however, that the pro-
cesses controlling the eastern boundary stratification
are likely to be very different from those controlling
the west, and thus that there is no obvious a priori
reason that the two should be identical. Further, the
fact that subtropical circulations are warmer in the west
may well predispose them toward internal fronts that,
like the LDE jet, are thicker on the west.)

Having made this identification, it should be noted
that the surface intensification of the jet, the order of
magnitude of the transport anomaly, and the direction
of the transport anomaly are accounted for by the pres-
ent model. In particular, dimensionalizing (18) and
using g’ = 1.5 cm s72, h,o = 10° cm, A, = 8.0 X 10*
cm, and f= 10;4 s~! yields

oo} !

T= f huldr = 2 [hZ — hZ] = —27 Sv,
— 20

where the minus sign indicates the southward orien-

tation of the mass flux.

Note that (18) is independent of latitude, demon-
strating that the origin of the mass flux is in the subpolar
basin, in particular, on the subpolar western boundary.
(Recall that the #., Ao differential is maintained ev-
erywhere on the r = a boundary, including the subpolar
gyre and at the separating latitude of the subtropical
and subpolar gyres.) The validity of the present model
thus presupposes that the western boundaries are ca-
pable of generating such a mass flux. Assumptions like
this are typical of several modern circulation theories
(e.g., Rhines and Young 1982; Luyten et al. 1983;
Schopp and Arhan 1986), but they still represent a
weakness of the present analysis. It is nonetheless in-
teresting to reconsider the pathways of some of the
water mass anomalies observed during the LDE in light
of our results.

Using the finescale, deep, and repeated nature of the
hydrographic part of the LDE, individual water parcels
of anomalous heat and salt content (relative to the
background) were detected and tracked. These data
were combined with historical observations to deter-
mine potential source regions for the anomalies, as well
as to arrive at estimates for the numbers of such anom-
alies in the North Atlantic. Details of the procedure
can be found in Ebbesmeyer et al. (1986). Elliott and
Sanford (1986a,b) focus on one particular subther-
mocline anticyclone, which they named DI1. This
anomaly was distinguished by low salinities ultimately
traceable to the Labrador Sea. Elliott and Sanford argue
that the formation zone of D1 was located near the
southeast corner of the Grand Banks, a place to which
nearly pure Labrador Sea water is advected by western
boundary currents. They also speculate that D1 moved
east after formation in an interaction with the Gulf
Stream, was entrained into the recirculation, and
eventually carried to the LDE site.

We mention here that at its proposed formation
longitudes (50°-55°W), D1 was actually north of the
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Gulf Stream, possibly by some few hundreds of kilo-
meters. It is interesting to note that this location roughly
corresponds to the jet origin location in our model.
Further, the history of D1 within the LDE area was
reported on by Lindstrom and Taft (1986 ). Comparing
the sequence of locations where D1 was observed with
the 1300-db streamfunction maps of Hua et al. (1986)
shows that D1 was embedded in, and being advected
by, the LDE jet. It seems then that the present study
can provide a mechanism for the observation of D1 at
the LDE experimental site, as well as the existence of
the LDE jet (in which D1 was found). From the view-
point of the anomaly, the present model jet constitutes
a dynamically consistent pathway across the Gulf
Stream, from a generation spot on the subpolar western
boundary, to the LDE site.

4. Summary

A simple inertial model of embedded jets has been
developed. The substance of the model is that a poten-
tial vorticity conserving current, flowing eastward from
an inlet zone, can satisfy a no-flux condition on the
east by forming a free streamline and recirculating in
the interior. The scale of the recirculation is the inter-
mediate length, L, ~ 200 km, which compares favor-
ably with the observed scale of the North Atlantic re-
circulation. In a system with a deep but active lower
layer, the baroclinic response is almost passive—that
is, thickness contours follow pressure contours. The
fluid outside the recirculation is governed by large-scale
dynamics; thus the eastern boundary sets the far-field
baroclinic structure by dynamics in which 8 plays a
pivotal role.

If these two separate processes result in different up-
per-layer thicknesses at their common boundary, a de-
formation scale internal boundary layer is formed that
smoothly joins the two regions. Thus the existence of
a baroclinic front reflects the presence of inconsistent
boundary conditions on the east and the west. The jet
associated with the boundary layer has a source on the
subpolar western boundary (if 7. > 4,), and is surface
intensified. Applying this model to the LDE data yields
some suggestive comparisons. In particular, the order
of magnitude of the observed jet transport, the direction
of the jet flow and the presence of anomalous water
masses within the jet have an interpretation with the
model.

One major shortcoming of this model lies in the
neglect of western boundary layer dynamics. Their ef-
fect is parameterized by means of the potential vortic-
ity-streamfunction relationship for the inflow, and it
is assumed that the western boundary, away from the
Gulf Stream axis, can supply the mass required by the
interior jet. The latter is the strongest model prediction
(or perhaps constraint) regarding the interior jet and
points out clearly a question of considerable observa-
tional interest. It immediately becomes of central im-
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portance to determine the source region of the anom-
alous LDE jet transport. From an observational point
of view, one must admit the possibility that the Gulf
Stream itself might have fed the requisite mass to the
LDE jet. This is inconsistent with our theory. If so, the
LDE jet dynamics are not adequately addressed by the
present model, and must await future clarification. The
scenario in the present model points to source zones
in the subpolar gyre and a subsequent intergyre mass
exchange to supply the LDE jet with mass. Determining
which of these mechanisms applies (or if an entirely
different mechanism is required to account for the LDE
transport source) remains a question that future rele-
vant observational programs might wish to consider.
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APPENDIX

A Quasigeostrophic Expression of
Inertial Recirculation

We begin with the dimensional two-layer quasigeo-
strophic equations; namely,

JW, Vi + By + f5¢2/8'H)) =0, (A1)
(2, Vo + By + f5¥1/8'Hy) = 0, (A2)

where ¢, = p,/fo and ¢» = p,/ fo are the upper- and
lower-layer streamfunctions. The quantities p, and p,
are upper- and lower-layer dynamic pressure and other
notation is standard.

These equations can be manipulated into the forms

g'H,
/3

H
J($2, Vs + By) = —H—z J(, V3, + By), (Ad)

J(Wr, ¥2) = — J(Wr, Vi + By),  (A3)

whose left-hand sides are clearly the gg analogs of (5)
and (7). The conditions under which the right-hand
sides are of negligible importance are seen to be U
~ BL?,L*>» g'H,/f?%and H, < H,. Thus, an analog
to our system is found in this asymptotic limit of gg
dynamics, which emphasizes the importance of inertia
and large scales. To examine the possibility of a sizeable
baroclinic front, however, requires a more complete
consideration of the nonlinearity in the continuity
equation.
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